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Two-dimensional semi-Dirac fermions are quasiparticles that disperse linearly in one direction
and quadratically in the other. We investigate instabilities of semi-Dirac fermions towards charge,
spin-density wave and superconducting orders, driven by short-range interactions. We analyze the
critical behavior of the Yukawa theories for the different order parameters using Wilson momentum
shell RG. We generalize to a large number Nf of fermion flavors to achieve analytic control in 2+1
dimensions and calculate critical exponents at one-loop order, systematically including 1/Nf correc-
tions. The latter depend on the specific form of the bosonic infrared propagator in 2+1 dimensions,
which needs to be included to regularize divergencies. The 1/Nf corrections are surprisingly small,
suggesting that the expansion is well controlled in the physical dimension. The order-parameter cor-
relations inherit the electronic anisotropy of the semi-Dirac fermions, leading to correlation lengths
that diverge along the spatial directions with distinct exponents, even at the mean-field level. We
conjecture that the proximity to the critical point may stabilize novel modulated order phases.
I. INTRODUCTION
Dirac fermions generically describe quasiparticles with
relativistic dispersion in the vicinity of special points
in the Brillouin zone.1–4 In two spatial dimensions, the
merging of two Dirac points results in a topological
phase transition separating the semi-metallic phase from
a gapped insulating one.5,6 At the boundary between
the two phases, the system exhibits gapless “semi-Dirac”
quasiparticle excitations7 that disperse relativistically in
one direction and quadratically in the other (see Fig. 1).
Based on density-functional calculations, semi-Dirac
quasiparticles were predicted to occur in single lay-
ers of black phosphorus under strain.8 Shortly after,
they were observed when sprinkling potassium atoms
onto single layers of black phosphorus,9 and more re-
cently using surface doping.10 Semi-Dirac electrons have
also been predicted to occur in BEDT-TTF2I3 salt un-
der pressure,11 VO2/TO2 heterostructures,12,13 and in
strained honeycomb lattices.12 Recently, it has been
suggested14,15 that second-neighbour repulsions between
Dirac fermions on the honeycomb lattice can lead to
a metallic CDW state that breaks lattice symmetries
and exhibits semi-Dirac quasiparticles excitations. Semi-
Dirac fermions have strongly anisotropic hydrodynamic
transport properties,16 e.g. the electrical conductivity is
metallic in one direction and insulating in the other di-
rection. Even more strikingly, one of the electronic sheer
viscosity components vanishes at zero temperature, lead-
ing to a generalization of the previously conjectured lower
bound for the viscosity to entropy density ratio.16
Nodal semi-metals with point-like Fermi surfaces
represent the simplest example of fermionic quan-
tum criticality, driven by strong short-range repulsive
interactions.17 The symmetry breaking leads to the open-
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<latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+Dwq Hp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit>
✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4V D4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4V D4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4V D4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4V D4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>
✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>
✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2R bDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5 FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjK MIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>
ky
<latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE eyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AG hRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g 3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE eyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AG hRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g 3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE eyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AG hRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g 3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSE eyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AG hRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g 3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit>
ky
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FIG. 1. Schematic phase diagram. As a function of the band
tuning parameter ∆ the system undergoes a topological Lif-
shitz transition between a Dirac semimetal (with a pair of
Dirac cones) and a band insulator. At the transition point
the system exhibits gapless “semi-Dirac" quasiparticle excita-
tions. Sufficiently strong short-range interactions lead to anti-
ferromagnetic, CDW or superconducting order, depending on
the type of interaction. The symmetry breaking is associated
with the opening of a gap in the semi-Dirac spectrum.
ing of a gap in the fermion spectrum and therefore goes
hand-in-hand with a semimetal-to-insulator transition.
In the purely relativistic case of Dirac fermions it is
well understood18–21 that the universal behaviour is de-
scribed by the Gross-Neveu-Yukawa theory22,23 of chiral
symmetry breaking. The coupling between the order-
parameter fields and the gapless Dirac fermions leads to
novel fermion induced critical behaviour that falls outside
the Landau-Ginzburg-Wilsom paradigm of a pure order-
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2parameter description. Ultimately, the study of quan-
tum phase transitions in nodal semi-metals might serve
as a stepping stone towards an understanding of quantum
criticality in metals with extended Fermi surfaces.
The non-trivial scaling of the quasiparticles kinetic en-
ergy of semi-Dirac fermions gives rise to novel univer-
sal behavior.24–27 Moreover, it is expected that the in-
herent electronic anisotropy will be reflected in strongly
anisotropic order parameter correlations. This can
have profound effects on the nature of broken-symmetry
states. For instance, in gapped superconducting phases,
it has been suggested28 that an applied magnetic field
may lead to the formation a novel smectic phase with a
stripe pattern of flux domains near the quantum critical
point.
Accessing the universal critical behaviour of two-
dimensional semi-Dirac fermions has proven difficult. Be-
cause of the different dispersion along the kx and ky direc-
tions, the generalization to arbitrary dimension and con-
secutive  expansion below an upper critical dimension
is subtle and not uniquely defined. For a model with dL
linear and dQ > 0 quadratic momentum directions, the
interactions become marginal at 2dL+dQ = 4, suggesting
that the universal critical behaviour of two-dimensional
semi-Dirac fermions (dL = dQ = 1) could be accessible
within an -expansion with dL = 1 and dQ = 2 − .27
This expansion results in a non-analytic ∼  ln  depen-
dence of the anomalous dimensions of the fermion and
order-parameter fields.27 The non-monotonic behaviour
and vanishing of the corrections at  = 1, nevertheless,
could indicate that the semi-Dirac case lies outside the
validity of the expansion.
In a complementary approach26 the problem was an-
alyzed in two spatial dimensions with a generalized dis-
persion k2ny in the non-relativistic direction. This con-
struction allows for a controlled ascent from one dimen-
sion (n → ∞). At finite n, interactions are rendered
irrelevant at weak coupling, but key aspects of one-
dimensional physics such as spin-charge separation are
preserved. Quantum fluctuations beyond 1D, controlled
by ∼ 1/n, enter the renormalizatio group (RG) through
loop integrations that involve the dispersion along ky.
In this paper we revisit the criticality of semi-Dirac
fermions in 2+1 dimensions. We avoid tuning the di-
mensionality or form of the dispersion but instead intro-
duce a large number Nf of fermion flavors for analyti-
cal control. The additional fermion flavors are not in-
volved in the symmetry breaking and remain degenerate
across the quantum phase transition. We use a one-loop,
momentum-shell RG to calculate critical exponents to or-
der 1/Nf . A similar procedure was used to analyze the
criticality of 2D and 3D semi-Dirac fermions subject to
unscreened, long-range Coulomb interactions.25,29 Here
we focus on short-range interactions that drive antiferro-
magnetic, CDW and superconducting instabilities. The
results can be readily compared to the analogous large
Nf analysis of relativistic 2D Dirac fermions,18,21 unrav-
elling the effects of the peculiar form of the dispersion on
the universal behavior.
We find that the 1/Nf corrections to critical expo-
nents are very small and considerably smaller than for
the case of 2D Dirac fermions, suggesting that the expan-
sion is well controlled. In the mean-field limit, Nf →∞,
we recover the results obtained from the dQ = 2 − 
expansion,27 evaluated at  = 1 and Nf → ∞. The
1/Nf corrections differ however since they depend on
the specific form of the bosonic infrared (IR) propagator
in 2+1 dimensions, which needs to be included to regu-
larise divergencies. As expected, we find that the order-
parameter correlations inherit the intrinsic anisotropy of
the system, e.g. the correlation lengths along different
spatial directions diverge with different powers. We con-
jecture that this behavior could help stabilize exotic mod-
ulated ordered phases near the quantum critical point.
The Nf → ∞ results are significantly different from
the 2D Dirac case. This can be understood by analyz-
ing the mean-field Ginzburg-Landau free energy that is
obtained from integrating out the fermions in the broken-
symmetry state. Spatial anisotropies are encoded in non-
analytic gradient terms. We find that the critical expo-
nents derived from the RG for Nf →∞ are in agreement
with ones obtained from the mean-field Ginzburg-Landau
functional, suggesting that hyperscaling relations are sat-
isfied.
The outline of the paper is a follows: in Sec. II we
derive the effective Yukawa actions for spin, charge and
superconducting instabilities. In Sec. III we explain the
Wilson RG procedure, derive the one loop RG equations
in the large Nf limit and compute critical exponents to
order 1/Nf . The non-analytic structure of the mean-
field theory is discussed in Sec. IV. Finally, in Sec. V we
summarise our results and discuss their implications.
II. EFFECTIVE FIELD THEORY
In this Section we motivate the effective low-energy
field theory for different instabilities of semi-Dirac
fermions in 2+1 dimensions. The part of the action de-
scribing non-interacting fermions is given by
Sψ =
Nf∑
n=1
∫
~k
ψ¯n(~k)s
0 ⊗
[
− ik0σ0 + vkxσx
+
(
k2y
2m
+ ∆
)
σy
]
ψn(~k), (1)
where ~k = (k0,k) = (k0, kx, ky), with k0 the Matsubara
frequency, and
∫
~k
≡ ∫ d3~k(2pi)3 , subject to an ultraviolet
cut-off Λ. The two sets of Pauli matrices si and σi (i =
0 for identities) act on the spin and sublattice spaces,
respectively, and the fermionic Grassmann fields ψn(~k)
are 4-component spinors. We have generalised the action
by introducing Nf flavours or copies of Grassmann fields,
labelled by n.
3From the poles of the corresponding Green function we
obtain the electron dispersion,
(k) = ±
√
(vkx)
2
+
(
k2y
2m
+ ∆
)2
, (2)
which is degenerate in spin s =↑, ↓ and fermion flavour
n. The effect of the tuning parameter ∆ on the elec-
tron dispersion is illustrated in Fig. 1. For ∆ < 0 the
dispersion contains two relativistic Dirac points K± =(
0,±√2m(−∆)), while for ∆ > 0 the dispersion has an
energy gap ∆. Hence ∆ tunes a transition between a
Dirac semimetal and a band insulator. At ∆ = 0, the
system undergoes a topological Lifshitz transition, cor-
responding to the merging of two Dirac points. At this
point the system exhibits semi-Dirac quasiparticle exci-
tations.
We aim to describe interaction-driven quantum phase
transition of semi-Dirac fermions. Enforcing ∆ = 0 while
increasing the strength of interactions requires fine tun-
ing. Depending on the experimental system, this may be
achieved with strain, pressure, or surface doping.8–13
A. CDW and SDW Instabilities
To study the criticality of semi-Dirac fermions subject
to local interactions we use the Yukawa formalism. This
amounts to performing a Hubbard-Stratonovich transfor-
mation of a generic four fermion interaction vertex in the
appropriate order parameter channel. Here we don’t ad-
dress the question of phase competition but instead focus
on a particular type of symmetry breaking, and assume
an underlying fermion interaction that would stabilize
this order.
In the case of CDW and SDW instabilities, the Yukawa
coupling between the order parameter fields φi(~k) and the
fermions ψn(~k) is given by
Sg = g
Nf∑
n=1
Nb∑
i
∫
~k,~q
φi(~q) ψ¯n(~k)Yiψn(~k + ~q), (3)
where
Yi =
{
s0 ⊗ σz CDW : i = 0
si ⊗ σz SDW : i = {x, y, z}. (4)
In spite of their name, the CDW and the SDW states
describe a staggered field in the pseudospin space (σz),
which could in principle be any generic quantum number
in the original lattice model, such as sublattice, valley
or orbital quantum numbers. In the CDW state, the
order parameter is a scalar (Nb = 1), whereas in the
SDW, which in this language is equivalent to antiferro-
magnetism, Nb = 3.
In addition to a φ2 term that arises from the Hubbard-
Stratonovich transformation, the successive elimination
of high-energy fermion modes under the renormalization
group will generate gradient terms, as well as a φ4 vertex.
The resulting Ginzburg-Landau functional for the order
parameter is given by Sφ + Sλ with
Sφ = 1
2
∫
~q
(
c20q
2
0 + c
2
xq
2
x + c
2
yq
2
y +m
2
φ
) ∣∣φ(~q)∣∣2, (5)
Sλ = λ
∫
r,τ
|φ(r, τ)|4, (6)
where the integral of the φ4 vertex runs over real space
r = (x, y) and imaginary time τ . The order parameter
mass term is the tuning parameter for the broken sym-
metry state: at the critical point m2φ = 0. To summarize,
the effective field theory describing the criticality of semi-
Dirac fermions in 2+1 dimensions is given by the sum of
four terms,
S = Sψ + Sφ + Sg + Sλ. (7)
There is a caveat, however. As we will discuss in
Sec. III, the bosonic propagator Gφ(~q) develops an un-
physical singularity under the renormalization group
scheme. It is therefore necessary to regularize this di-
vergence by including an IR contribution in Sφ.
B. Superconducting Instability
We also analyze a possible instability in the supercon-
ducting channel. In that case, we initially consider a
generic Hamiltonian H0(p) with semi-Dirac quasiparti-
cles that preserves time reversal symmetry (TRS), such
that T H0(p)T −1 = H0(p), with p the momentum away
from the center of the zone. We restrict our attention to
families of TRS Hamiltonians that support an isotropic
pairing gap around the semi-Dirac points. That is al-
lowed when pairing occurs across two semi-Dirac points
sitting in opposite sides of the Brillouin zone, such that
each Cooper pair has zero total momentum. A concrete
example of a TRS tight-binding Hamiltonian with a pair
of semi-Dirac points can be found in Ref. 28.
Due to TRS, the generic Hamiltonian can be written
in a Bogoliubov de Gennes basis
(
cp,s, c
†
−p,−s
)
with s
the spin index as
HBdG(p) = H0(p)⊗ τz, (8)
where τz is a Pauli matrix in the Nambu space. Expand-
ing this Hamiltonian around one of the semi-Dirac points
described, the action in the Nambu basis is
Sψ =
Nf∑
n=1
∫
~k
ψ¯n(~k)s
0 ⊗
[
− ik0σ0 ⊗ τ 0 + vkxσx ⊗ τ z
+
(
k2y
2m
+ ∆
)
σy ⊗ τ z
]
ψn(~k), (9)
4where we enforce ∆ = 0 at the fixed point. The expansion
around the opposite Dirac point gives an equivalent copy
of the action above, which can be accounted for in the
fermionic degeneracy Nf .
The Yukawa coupling between the complex, two-
component (Nb = 2) order parameter of the s-wave su-
perconductor and the fermions is given by Eq. (3) with
the coupling matrix
Yi = s
0 ⊗ σ0 ⊗ τ i SC : i = {x, y} (10)
in the enlarged Nambu space. Sφ and Sλ take the same
form as in the CDW/SDW case.
III. RENORMALIZATION GROUP ANALYSIS
In this Section, we outline the RG approach used to
analyze the universal critical behaviour of the Yukawa
actions derived in Sec. II for CDW, SDW and supercon-
ducting instabilities. In the case of the superconducting
instability, one is required to include the Nambu space,
as indicated in the action (9), and sum over half the num-
ber of states in the trace to avoid double counting. For
simplicity, we omit any explicit mention to the Nambu
space, which can be trivially incorporated for the SC in-
stability.
The universal critical behaviour, e.g. the critical expo-
nents, should not depend on the cut-off scheme. In the
following we treat frequency and momentum on an equal
footing and impose the ultraviolet (UV) cut-off Λ in 2+1
dimensional momentum-frequency space,∫
~k
≡
∫
d3~k
(2pi)3
θ
(
Λ−
√
k20 + 
2(k)
)
, (11)
where the electron dispersion (k) is defined in Eq. (2)
with ∆ = 0. We will analyze the RG flow of the coupling
constants when successively integrating out high-energy
modes with momenta and frequencies from the infinites-
imal shell
Λe−zd` <
√
k20 + 
2(k) < Λ, (12)
followed by a rescaling of frequency and momenta at each
step,
k0 = k
′
0e
−z d`, kx = k′xe
−z d`, ky = k′ye
−zy d`. (13)
In the definitions of the 2+1 dimensional shell (12) and
the rescaling (13), frequency k0 and the momentum kx
along the relativistic direction are treated on an equal
footing and are both rescaled with a dynamical exponent
z relative to the ky direction. One might view this as
having one space-like and two time-like directions. For
greater clarity, we have introduced a scaling dimension
zy of the momentum ky, which we will set to one later.
Under successive mode decimation and rescaling, the cut-
off remains invariant if
z = 2zy. (14)
The shell integration is performed using the coordinate
transformation
k0 =  sin θ cosφ,
vkx =  sin θ sinφ, (15)
k2y
2m
=  cos θ,
with  ∈ [Λe−zd`,Λ], θ ∈ [0, pi2 ], and φ ∈ [0, 2pi]. The
Jacobian of the transformation is
ρ(, θ, φ) =
√
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2v
sin θ√
cos θ
3/2. (16)
A. Tree Level Scaling
Let us first consider the consequences of the rescaling
of frequency and momenta (13) on the free fermion action
Sψ (1). Since frequency k0 and momentum kx have the
same scaling dimensions, [k0] = [kx] = z, the velocity v
of the relativistic dispersion along kx does not flow. The
relation z = 2zy ensures that the mass m associated with
the quadratic ky dispersion remains constant at the tree
level.
In order to keep the overall prefactor of Sψ constant,
we rescale the fermion fields as
ψn(~k) = ψ
′
n(
~k′) ed`(3z+zy−ηψ)/2. (17)
Here ηψ is the anomalous dimension of the fermion fields,
which will be used to absorb the renormalization due to
the decimation of high energy modes.
Let us turn our attention to the quadratic bosonic ac-
tion Sφ (5). The distinct scaling dimensions of momenta
imply that the coefficients c20 and c2x will scale differently
from c2y. If we rescale the bosonic fields as
φ(~q) = φ′(~q′)ed`(2z+3zy−ηφ)/2, (18)
where ηφ is the anomalous dimension of the φ field, the c2y
coefficient does not flow at tree level. Under this rescal-
ing both c20 and c2x are irrelevant at tree level with scaling
dimensions [c20] = [c2x] = −z. Both parameters flow to
zero and can be omitted from the bare bosonic propaga-
tor. This omission poses problems, as the propagator no
longer depends on q0 and qx, leading to unphysical di-
vergencies in the infrared (IR) limit. That issue however
can be fixed with an IR regularization, as discussed in
the next Subsection (III B).
The above field rescaling leads to the following tree
level scaling dimensions for the Yukawa and the φ4 cou-
plings,
[g] =
zy
2
, [λ] = −zy. (19)
This portrays that the φ4 term is irrelevant and can be
discarded, while the Yukawa coupling is a relevant per-
turbation at tree level.
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where ⌥j is the Yukawa coupling for a given instability,
as defined in Eq. (6) and (9), and
G (k) = s
0 ⌦ ik0 
0 + vkx 
x +
k2y
2m 
y
k20 + (vkx)
2 + k4y/(2m)
2
. (17)
is the fermionic propagator. The integral in Eq. (16) is
carried out with the help of the transformation
k0 = ✏ sin ✓ cos , vkx = ✏ sin ✓ sin ,
k2y
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= ✏ cos ✓,
(18)
where ✏ 2 [0,⇤], ✓ 2 [0, ⇡2 ], and   2 [0, 2⇡], whose Jaco-
bian is
⇢(✏, ✓, ) =
p
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✏3/2
sin ✓p
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. (19)
The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q) µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is
⇧IR(q) = Nfg
2
p
2m
v
✓
q20 + v
2q2x
◆ 1
4
, (20)
where Nf is the number of fermion flavours. This term
regularizes the bosonic propagator in the IR, which be-
comes G 1 ,ij(q) = G
 1
  (q) ij , with i, j the bosonic indexes
and
G 1  (q) = Nfg
2
p
2m
v
✓
q20 + v
2q2x
◆ 1
4
+ c2y
q2y
2m
. (21)
The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contrast with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
lem.CHANGE THIS?
B. Self-energy and vertex corrections
Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
depedence on linear momentum and frequency directions
(a) (b)
FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
wavy line while the fermionic propagator by the straight line.
in the propagator comes from the IR, which is not renor-
malised under the RG. At a loop, the bosonic self-energy
depicted in Fig. 2, takes the form
⇧>(q) ij =
g2
2
tr
Z >
k
⌥iG (k)⌥jG (k + q), (22)
where
R >
means integration over the fast modes within
the normalized energy shell d` = d(ln⇤). The lead-
ing terms of the self-energy have the form ⇧>(q) =
⇧0q
2
0 + ⇧xq
2
x + ⇧yq
2
y + ⇧m2  . Expanding the fermionic
propagator to second order in q, then performing the
coordinate transformation (18) and integrating over the
energy shell, we find the following renormalization
 (c2y) = 2Nf
11
21⇡2
p
2m
v
g2p
⇤
d` ⌘ ⇧yd`. (23)
Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:
⌃ˆ(k) =  g2
NbX
j
Z >
q
G (q)⌥jG (k + q)⌥j . (24)
The self-energy correction is a matrix of the form
⌃ˆ(k) = s0 ⌦ [⌃0(k0 0 + vkx x) + ⌃yk2y/(2m) y], (25)
where
⌃0 =
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⇤
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with
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2 sin ✓
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sin ✓
, (28)
F2(x) =
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4⇡2
Z ⇡
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0
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cos 2✓ + 2 cos 4✓
x 1 cos ✓ +
p
sin ✓
sin ✓p
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(29)
defined as integral functions.
The renormalization of the Yukawa term at one loop
order is described by the vertex correction  i(k, p) shown
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The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q) µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is
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where Nf is the number of fermion flavours. This term
regularizes the bosonic propagator in the IR, which be-
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and
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The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contr st with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
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first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
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propagator to second order in q, then performing the
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energy shell, we find the following renormalization
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Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:
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The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q) µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is
⇧IR(q) = Nfg
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where Nf is the number of fermion flavours. This term
regularizes the bosonic propagator in the IR, which be-
comes G 1 ,ij(q) = G
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  (q) ij , with i, j the bosonic indexes
and
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Next we turn our attention to the fermionic self energy,
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B. Infrared Regularization
In order to regularize unphysical divergencies of the
bosonic propagator in the limit qy → 0, we augment
it by an IR contribution.30–32 As pointed out before,25
in 2+1 dimensions the bosonic propagator has different
asymptotic forms in the UV and IR limits.
Since the RG flow is generated by a successive inte-
gration f modes fr m shell near the UV cut-off, the
IR contribu ion is ot generated or renormalized under
the RG. Instead it needs to be computed separately by
integrating the fermion polarization (see Fig. 2) over the
full frequency and momentum range,25
Πij(~q) =
g2
2
Tr
∫
~k
YiGψ(~k)YjGψ(~k + ~q), (20)
where Yi is the Yukawa coupling for a given instability,
as defined in Eqs. (4) and (10), and
Gψ(~k) =
0 ⊗ ik0σ
0 + vkxσ
x +
k2y
2mσ
y
k20 + (vkx)
2 + k4y/(2m)
2
(21)
is the fermionic propagator.
For the multicomponent order parameters of the SDW
and superconducting phases, the polarization is diagonal,
Πij(~q) = Π(~q)δij , reflecting the underlying O(3) and U(1)
symmetries. In the limit of small q0, qx and at qy = 0,
the leading ter is
ΠIR(~q) = Nfg
2
√
2m
v
(
q20 + v
2q2x
) 1
4 , (22)
where Nf is the number of fermion flavors. This contri-
bution to the kernel of Sφ regularizes the bosonic prop-
agator in the IR at the critical surfac (m2φ = 0),
G−1φ (~q) = Nfg
2
√
2m
v
(
q20 + v
2q2x
) 1
4
+ c2yq
2
y. (23)
C. Self-Energy and Vertex Corrections
Using the propagators (21) and (23) for fermionic and
b sonic fields, resp cti y, we can now go beyond the
t e level scaling and extract o e-loop corrections to the
propagators a d the Yukawa coupling. As mentioned be-
fore, the bosonic φ4 is irrelevant and can be dropped.
We first concern ourselves with the one-loop renormal-
ization of the regularized bosonic propagator (23). The
only component that is of interest is in the qy direction
as the dependence on linear momentum and frequency
directions in the propagator comes from the IR, which
is not renormalised under the RG. The one-loop bosonic
self-energy is depicted in Fig. 2 and takes the form
Π>(~q) =
g2
2
Tr
∫ >
~k
YiGψ(~k)YiGψ(~k + ~q), (24)
where
∫ >
~k
means integration over the UV modes within
the frequency-momentu shell of width Λz d`, as defined
in Eq. (12). Note at in the above expression, the order-
parameter field component i is not su m d over and that
the result is the same for all components. The leading
terms of the self-energy have the form Π>(~q) = Π0q20 +
Πxq
2
x+Πyq
2
y+Πm2φ . Expanding the fermionic propagator
to second order in qy, then performing the coordinate
transformation (15) and integrating over the energy shell,
we find that the renormalization of the c2y coefficient is
given by
d(c2y) = 2Nf
11
21pi2
√
2m
v
g2√
Λ
zd` ≡ Πyzd`. (25)
Alth u h t e mass of the bosons m2φ also runs in the RG
flow, for now it will be fined tuned to zero at the critical
surface. We will address the renormalization of m2φ in
detail later on in sec. III F and IIIG, when we examine
the vicinity of the quantum multicritical point.
Next, we turn our attention to the one-loop fermionic
self energy [Fig. 3(a)], which is equal to
Σ(~k) = −g2
Nb∑
i
∫ >
~q
Gφ(~q)YiGψ(~k + ~q)Yi. (26)
After shell integration, it takes the form
Σ(~k) = s0 ⊗ [Σ0(k0σ0 + vkxσx) + Σy
k2y
2m
σy]zd`, (27)
where
Σ0 =
Nb
2Nf
F1
(
2Nf
√
2mg2
vc2y
√
Λ
)
(28)
Σy =
Nb
2Nf
F2
(
2Nf
√
2mg2
vc2y
√
Λ
)
, (29)
with Σx = Σ0, and
F1(x) =
1
4pi2
∫ pi
2
0
dθ
(cos θ)
3
2 sin θ
x−1 cos θ +
√
sin θ
, (30)
F2(x) =
1
4pi2
∫ pi
2
0
dθ
cos 2θ + 2 cos 4θ
x−1 cos θ +
√
sin θ
sin θ√
cos θ
(31)
are defined as integral functions.
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is the fermionic propagator. The integral in Eq. (16) is
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The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q) µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is
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where Nf is the number of fermion flavours. This term
regularizes the bosonic propagator in the IR, which be-
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and
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The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contrast with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
lem.CHANGE THIS?
B. Self-energy and vertex corrections
Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
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where ⌥j is the Yukawa coupling for a given instability,
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is the fermionic propagator. The integral in Eq. (16) is
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The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
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leading term is
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regularizes the bosonic propagator in the IR, which be-
comes G 1 ,ij(q) = G
 1
  (q) ij , with i, j the bosonic indexes
and
G 1  (q) = Nfg
2
p
2m
v
✓
q20 + v
2q2x
◆ 1
4
+ c2y
q2y
2m
. (21)
The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contr st with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
lem.CHANGE THIS?
B. Self-energy and vertex corrections
Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
depedence on linear momentum and frequency directions
(a) (b)
FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
wavy line while the fermionic propagator by the straight line.
in the propagator comes from the IR, which is not renor-
malised under the RG. At a loop, the bosonic self-energy
depicted in Fig. 2, takes the form
⇧>(q) ij =
g2
2
tr
Z >
k
⌥iG (k)⌥jG (k + q), (22)
where
R >
means integration over the fast modes within
the normalized energy shell d` = d(ln⇤). The lead-
ing terms of the self-en gy have the form ⇧>(q) =
⇧0q
2
0 + ⇧xq
2
x + ⇧yq
2
y + ⇧m2  . Expanding the fermionic
propagator to second order in q, then performing the
coordinate transformation (18) and integrating over the
energy shell, we find the following renormalization
 (c2y) = 2Nf
11
21⇡2
p
2m
v
g2p
⇤
d` ⌘ ⇧yd`. (23)
Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:
⌃ˆ(k) =  g2
NbX
j
Z >
q
G (q)⌥jG (k + q)⌥j . (24)
The self-en rgy correction is a matrix of the form
⌃ˆ(k) = s0 ⌦ [⌃0(k0 0 + vkx x) + ⌃yk2y/(2m) y], (25)
where
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⇤
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(26)
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2Nf
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⇤
◆
, (27)
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3
2 sin ✓
x 1 cos ✓ +
p
sin ✓
, (28)
F2(x) =
1
4⇡2
Z ⇡
2
0
d✓
cos 2✓ + 2 cos 4✓
x 1 cos ✓ +
p
sin ✓
sin ✓p
cos ✓
(29)
defined as integral functions.
The renormalization of the Yukawa term at one loop
order is described by the vertex correction  i(k, p) shown
4
I . 2: Polarization bubble diagram describing the IR
regulator of the bosonic propagator and the self-energy
correction of the bosons in the momentum shell.
where ⌥j is the Yukawa coupling for a given instability,
as defined in Eq. (6) and (9), and
G (k) = s
0 ⌦ ik0 
0 + vkx 
x +
k2y
2m 
y
k20 + (vkx)
2 + k4y/(2m)
2
. (17)
is th fermionic propagator. T e integral i Eq. (16) is
carried out with the help of the transformation
k0 = ✏ sin ✓ cos , vkx = ✏ sin ✓ sin ,
k2y
2m
= ✏ cos ✓,
(18)
where ✏ 2 [0,⇤], ✓ 2 [0, ⇡2 ], and   2 [0, 2⇡], whose Jaco-
bian is
⇢(✏, ✓, ) =
p
2m
2v
✏3/2
sin ✓p
c s ✓
. (19)
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leading term is
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where Nf is the number of fermion flavours. This term
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and
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a non-analytic term, it will not be renormalized in the
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the IR regulator at the physical dimension of the prob-
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depedence on linear momentum and frequency directions
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FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
wavy line while the fermionic propagator by the straight line.
in the propagator comes from the IR, which is not renor-
malised under the RG. At a loop, the bosonic self-energy
depicted in Fig. 2, takes the form
⇧>(q) ij =
g2
2
tr
Z >
k
⌥iG (k)⌥jG (k + q), (22)
where
R >
means integration over the fast modes within
the normalized energy shell d` = d(ln⇤). The lead-
ing terms of the self-energy have the form ⇧>(q) =
⇧0q
2
0 + ⇧xq
2
x + ⇧yq
2
y + ⇧m2  . Expanding the f rmionic
propagator to second order in q, then performing the
coordinate transformation (18) and integrating over the
energy shell, we find the following renormalization
 (c2y) = 2Nf
11
21⇡2
p
2m
v
g2p
⇤
d` ⌘ ⇧yd`. (23)
Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:
⌃ˆ(k) =  g2
NbX
j
Z >
q
G (q)⌥jG (k + q)⌥j . (24)
The self-energy correction is a matrix of the form
⌃ˆ(k) = s0 ⌦ [⌃0(k0 0 + vkx x) + ⌃yk2y/(2m) y], (25)
where
⌃0 =
Nb
2Nf
F1
✓
Nf
p
2mg2
vc2y
p
⇤
◆
(26)
⌃y =
Nb
2Nf
F2
✓
2Nf
p
2mg2
vc2y
p
⇤
◆
, (27)
with
F1(x) =
1
4⇡2
Z ⇡
2
0
d✓
(cos ✓)
3
2 sin ✓
x 1 cos ✓ +
p
sin ✓
, (28)
F2(x) =
1
4⇡2
Z ⇡
2
0
d✓
cos 2✓ + 2 cos 4✓
 1 cos ✓ +
p
sin ✓
sin ✓p
c s ✓
(29)
defined as integral functions.
The renormalization of the Yukawa term at one loop
order is described by the vertex correction  i(k, p) shown
FIG. 3. (a) Self-energy correction to the fermionic propagator
in one-loop. (b) Vertex correction diagram to the Yukawa
coupling. The bosonic propagator is represented by the wavy
line while the fermionic propagator by the straight line.
The renormalization of the Yukawa vertex at one-loop
order is obtained from the diagram shown in Fig. 3(b)
with the external frequencies and momenta set to zero,
Γi = g
3
Nb∑
j
∫ >
~q
Gφ(~q)YjGψ(~q)YiGψ(~q)Yj . (32)
The matrix Γi is proportional to the Yukawa matrix Yi,
Γi = gΩ Yizd`, where we have absorbed a factor of g2
in the definition of Ω. Performing the shell integral we
obtain
Ω = −2−Nb
2Nf
F3
(
2Nf
√
2mg2
vc2y
√
Λ
)
(33)
with
F3(x) =
1
4pi2
∫ pi
2
0
dθ
1
x−1 cos θ +
√
sin θ
sin θ√
cos θ
. (34)
Note that the vertex correction to the Yukawa coupling
g has opposite sign for the CDW (Nb = 1) and SDW
(Nb = 3) instabilities and vanishes in the case of a super-
conductor (Nb = 2), as reported in previous studies.27
Due to the linear dispersion in the kx direction, the ver-
tex correction does not generate new couplings in the RG
flow, as it happens in nodal metals with purely quadratic
touching points.33
D. RG Equations
As a first step we analyze the RG flow of the fermion
propagator Sψ (1), combing the contributions from the
self-energy loop integral Σ (26) and the rescaling outlined
in Sec. III A. Since Σ0 = Σx, the coefficients of the k0 and
kx terms are renormalized in same way. We can keep
the prefactor of the two terms constant if we define the
anomalous dimension of the fermion fields as
ηψ = zΣ0. (35)
The resulting RG equations for m−1 is then given by
d(m−1)
d`
= m−1 (z − 2zy + zΣy − zΣ0) , (36)
with the self-energy corrections Σ0 and Σy given in
Eqs. (28) and (29), respectively. In order to keep the
full fermion propagator invariant under the RG flow, we
therefore require that
2zy = z (1 + Σy − Σ0) . (37)
In the bosonic propagator Sφ (23), the coefficient c2y is
renormal zed,
d(c2y)
d`
= c2y (zΠy − ηφ) , (38)
but can be kept fixed if we chose the anomalous dimen-
sion of the bosonic order-parameter to be
ηφ = zΠy, (39)
where the polarization shell integral is defined in Eq. (25).
Finally, the RG equation for the Yukawa coupling g at
one-loop order is given by
dg
d`
= g
(
zy
2
− ηψ − 1
2
ηφ + zΩ
)
, (40)
with Ω defined in Eq. (33).
E. Fixed Point and 1/Nf Expansion
With the above choices of ηψ, ηφ and z (we fix zy = 1
in what follows) the coefficients entering the propagators
do not flow and can be set to 1, without loss of generality.
Moreover it is convenient to define the rescaled Yukawa
coupling
g˜2 =
2Nfg
2
√
Λ
, (41)
as this combination enters in the argument of the func-
tions Fi. These are smooth functions of g˜2, as shown in
Fig. 4. In terms of the F functions, the RG equation for
the rescaled Yukawa coupling is given by
dg˜2
d`
= g˜2
{
1− z
[
11
21pi2
g˜2 +
Nb
Nf
F1
(
g˜2
)
+
2−Nb
Nf
F3
(
g˜2
)]}
(42)
and from Eq. (37)
2 = z
{
1− Nb
2Nf
[
F1
(
g˜2
)− F2 (g˜2)]} . (43)
The fixed point is obtained from dg˜2/d` = 0. In the limit
Nf →∞, z = 2 and the fixed point is at
g˜2∞ =
21pi2
22
. (44)
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g˜2
<latexit sha1_base64="KKpm79d/tmFzTY +DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bR LN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XD k57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gF xHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9Rk oSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReV O7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtA GCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY +DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bR LN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XD k57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gF xHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9Rk oSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReV O7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtA GCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY +DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bR LN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XD k57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gF xHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9Rk oSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReV O7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtA GCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY +DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bR LN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XD k57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gF xHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9Rk oSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReV O7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtA GCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit>
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  g˜2 
<latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit>
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<latexit sha1_base64="A5bpXs0f1WnITy 23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtu hk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pY PDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXv UqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTY jdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5 E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOA YTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy 23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtu hk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pY PDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXv UqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTY jdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5 E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOA YTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy 23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtu hk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pY PDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXv UqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTY jdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5 E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOA YTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy 23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtu hk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pY PDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXv UqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTY jdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5 E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOA YTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit>
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<latexit sha1_base64="JNiHtjE9dnP2H3 h2fM2PvpgLVF8=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRNtMuCIC4r2ge0oUymk3b oZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6e CwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faq7 /dLZcf2/KpXqSHHrtbciu8bcu45nucj13bmKMMSjX7pvTdISBZToQnHSnVdJ9VBjqVmhNNps ZcpmmIyxkPaNVTgmKogn586RadGGaAokaaERnP1+0SOY6UmcWg6Y6xH6rc3E//yupmOakHO RJppKshiUZRxpBM0+xsNmKRE84khmEhmbkVkhCUm2qRTNCF8fYr+J62K7Rp+45XrtWUcBTi GEzgDFy6gDtfQgCYQGMIDPMGzxa1H68V6XbSuWMuZI/gB6+0TLE+NsQ==</latexit><latexit sha1_base64="JNiHtjE9dnP2H3 h2fM2PvpgLVF8=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRNtMuCIC4r2ge0oUymk3b oZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6e CwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faq7 /dLZcf2/KpXqSHHrtbciu8bcu45nucj13bmKMMSjX7pvTdISBZToQnHSnVdJ9VBjqVmhNNps ZcpmmIyxkPaNVTgmKogn586RadGGaAokaaERnP1+0SOY6UmcWg6Y6xH6rc3E//yupmOakHO RJppKshiUZRxpBM0+xsNmKRE84khmEhmbkVkhCUm2qRTNCF8fYr+J62K7Rp+45XrtWUcBTi GEzgDFy6gDtfQgCYQGMIDPMGzxa1H68V6XbSuWMuZI/gB6+0TLE+NsQ==</latexit><latexit sha1_base64="JNiHtjE9dnP2H3 h2fM2PvpgLVF8=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRNtMuCIC4r2ge0oUymk3b oZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6e CwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faq7 /dLZcf2/KpXqSHHrtbciu8bcu45nucj13bmKMMSjX7pvTdISBZToQnHSnVdJ9VBjqVmhNNps ZcpmmIyxkPaNVTgmKogn586RadGGaAokaaERnP1+0SOY6UmcWg6Y6xH6rc3E//yupmOakHO RJppKshiUZRxpBM0+xsNmKRE84khmEhmbkVkhCUm2qRTNCF8fYr+J62K7Rp+45XrtWUcBTi GEzgDFy6gDtfQgCYQGMIDPMGzxa1H68V6XbSuWMuZI/gB6+0TLE+NsQ==</latexit><latexit sha1_base64="JNiHtjE9dnP2H3 h2fM2PvpgLVF8=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRNtMuCIC4r2ge0oUymk3b oZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6e CwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faq7 /dLZcf2/KpXqSHHrtbciu8bcu45nucj13bmKMMSjX7pvTdISBZToQnHSnVdJ9VBjqVmhNNps ZcpmmIyxkPaNVTgmKogn586RadGGaAokaaERnP1+0SOY6UmcWg6Y6xH6rc3E//yupmOakHO RJppKshiUZRxpBM0+xsNmKRE84khmEhmbkVkhCUm2qRTNCF8fYr+J62K7Rp+45XrtWUcBTi GEzgDFy6gDtfQgCYQGMIDPMGzxa1H68V6XbSuWMuZI/gB6+0TLE+NsQ==</latexit>
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<latexit sha1_base64="cdtq+FajvBU/uXJLGPXZekZkW3o=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrmoSCroRCm5cVrAXaNIymU7aoZNJmDkRSujSja/ixoUibn0Ed76N08tCW38Y+PjPOZw5f5gKrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOgkU5TVaSIS1QqJZoJLVgcOgrVSxUgcCtYMhzeTevOBKc0TeQ+jlAUx6UsecUrAWF37xAcueizvjzte1+cyghG+xp7rp7zjXXhe1y45ZWcqvAzuHEporlrX/vJ7Cc1iJoEKonXbdVIIcqKAU8HGRT/TLCV0SPqsbVCSmOkgnx4yxmfG6eEoUeZJwFP390ROYq1HcWg6YwIDvVibmP/V2hlEV0HOZZoBk3S2KMoEhgRPUsE9rhgFMTJAqOLmr5gOiCIUTHZFE4K7ePIyNLyya/iuUqpW5nEU0DE6RefIRZeoim5RDdURRY/oGb2iN+vJerHerY9Z64o1nzlCf2R9/gCMTphN</latexit><latexit sha1_base64="cdtq+FajvBU/uXJLGPXZekZkW3o=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrmoSCroRCm5cVrAXaNIymU7aoZNJmDkRSujSja/ixoUibn0Ed76N08tCW38Y+PjPOZw5f5gKrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOgkU5TVaSIS1QqJZoJLVgcOgrVSxUgcCtYMhzeTevOBKc0TeQ+jlAUx6UsecUrAWF37xAcueizvjzte1+cyghG+xp7rp7zjXXhe1y45ZWcqvAzuHEporlrX/vJ7Cc1iJoEKonXbdVIIcqKAU8HGRT/TLCV0SPqsbVCSmOkgnx4yxmfG6eEoUeZJwFP390ROYq1HcWg6YwIDvVibmP/V2hlEV0HOZZoBk3S2KMoEhgRPUsE9rhgFMTJAqOLmr5gOiCIUTHZFE4K7ePIyNLyya/iuUqpW5nEU0DE6RefIRZeoim5RDdURRY/oGb2iN+vJerHerY9Z64o1nzlCf2R9/gCMTphN</latexit><latexit sha1_base64="cdtq+FajvBU/uXJLGPXZekZkW3o=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrmoSCroRCm5cVrAXaNIymU7aoZNJmDkRSujSja/ixoUibn0Ed76N08tCW38Y+PjPOZw5f5gKrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOgkU5TVaSIS1QqJZoJLVgcOgrVSxUgcCtYMhzeTevOBKc0TeQ+jlAUx6UsecUrAWF37xAcueizvjzte1+cyghG+xp7rp7zjXXhe1y45ZWcqvAzuHEporlrX/vJ7Cc1iJoEKonXbdVIIcqKAU8HGRT/TLCV0SPqsbVCSmOkgnx4yxmfG6eEoUeZJwFP390ROYq1HcWg6YwIDvVibmP/V2hlEV0HOZZoBk3S2KMoEhgRPUsE9rhgFMTJAqOLmr5gOiCIUTHZFE4K7ePIyNLyya/iuUqpW5nEU0DE6RefIRZeoim5RDdURRY/oGb2iN+vJerHerY9Z64o1nzlCf2R9/gCMTphN</latexit><latexit sha1_base64="cdtq+FajvBU/uXJLGPXZekZkW3o=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrmoSCroRCm5cVrAXaNIymU7aoZNJmDkRSujSja/ixoUibn0Ed76N08tCW38Y+PjPOZw5f5gKrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOgkU5TVaSIS1QqJZoJLVgcOgrVSxUgcCtYMhzeTevOBKc0TeQ+jlAUx6UsecUrAWF37xAcueizvjzte1+cyghG+xp7rp7zjXXhe1y45ZWcqvAzuHEporlrX/vJ7Cc1iJoEKonXbdVIIcqKAU8HGRT/TLCV0SPqsbVCSmOkgnx4yxmfG6eEoUeZJwFP390ROYq1HcWg6YwIDvVibmP/V2hlEV0HOZZoBk3S2KMoEhgRPUsE9rhgFMTJAqOLmr5gOiCIUTHZFE4K7ePIyNLyya/iuUqpW5nEU0DE6RefIRZeoim5RDdURRY/oGb2iN+vJerHerY9Z64o1nzlCf2R9/gCMTphN</latexit>
FIG. 4. The integrals Fi
(
g˜2
)
as a function of the dimen-
sionless Yukawa coupling g˜2 = 2Nfg2/
√
Λ. To order 1/Nf ,
the critical exponents at one-loop order depend on the values
of Fi evaluated at the critical point in the Nf → ∞ limit,
g˜2∞ = limNf→∞ g˜
2
∗ = 21pi
2/22.
In order to obtain the leading 1/Nf correction to the
fixed point we make an Ansatz
g˜2∗ = g˜
2
∞ +
δ
Nf
+O(1/N2f ). (45)
Since all the F functions have 1/Nf prefactors, we can
replace their arguments with g˜2∞ and define
αi := Fi
(
g˜2∞
)
. (46)
To order 1/Nf we obtain
z = 2 +
Nb
Nf
(α1 − α2) (47)
for the scaling dimension z at the fixed point, and
g˜2∗
g˜2∞
= 1− Nb
2Nf
(5α1 − α2)− 22−Nb
Nf
α3 (48)
for the Yukawa coupling at the fixed point. Finally, the
anomalous dimensions at the critical point are
ηψ =
Nb
Nf
α1, ηφ =
g˜2∗
g˜2∞
. (49)
The above 1/Nf corrections are small, and about an
order of magnitude smaller than for the purely relativis-
tic case of Dirac fermions in 2+1 dimensions.21 In the
latter case, the 1/N2f corrections, computed at 2-loop
order,34,35 are comparable or even larger than the 1/Nf
ones when Nf = 1. For semi-Dirac fermions, on the other
hand, at one-loop order, the 1/N2f corrections are propor-
tional to derivatives F ′i
(
g˜2∞
) ' 10−4 and hence about an
order of magnitude smaller than the 1/Nf ones. This sug-
gests that the 1/Nf expansion at the physical dimension
is better controlled for the case of semi-Dirac fermions.
However, the evaluation of two-loop diagrams would be
required to investigate this further.
F. Critical Exponents
One can easily verify that the critical fixed point at g˜∗
is stable along the g˜ axis. Near this multicritical point
there are two relevant perturbations, ∆ and m2φ which
are the tuning parameters for the topological phase tran-
sition and the broken symmetry state, respectively.
Semi-Dirac quasiparticle excitations emerge in the
semi-metallic phase when ∆ is fine tuned to zero. Let
us first consider the case that ∆ remains equal to zero
across the symmetry-breaking phase transition. In this
case the RG equation for m2φ is equal to
dm2φ
d`
= (2− ηφ)m2φ. (50)
The correlation length is defined by the RG scale `∗ at
which m2φ(`
∗) ' 1, ξ = e`∗ . Integrating the above differ-
ential equation (50),
m2φ(`) = m
2
φ(0)e
(2−ηφ)`. (51)
Using that m2φ(0) ∼ (gc − g), we obtain ξ ∼ (gc − g)−ν
with correlation length exponent ν = 1/(2 − ηφ). From
Eq. (49), we obtain to order 1/Nf
ν = 1− Nb
2Nf
(5α1 − α2)− 22−Nb
Nf
α3. (52)
The electronic dispersion of semi-Dirac fermions with
linear and quadratic directions is strongly anisotropic.
One therefore expects that the order-parameter correla-
tion inherit this anisotropy. For spatially isotropic sys-
tems, the correlations length along the imaginary time
direction diverges as a power of the spatial correlation
length, ξτ = ξz, where z is the dynamical exponent.
With our choice zy = 1, the dynamical exponent z sets
the scaling dimension of length along the x direction. We
therefore have ξτ ' ξx ' ξzy . The spatial anisotropy of
the order-parameter correlations is therefore reflected in
correlation length exponents
νx = zν and νy = ν, (53)
along the x and y directions, respectively. In the limit
Nf →∞ this gives νx = 2 and νy = 1.
Assuming that the system satisfies hyperscaling, we
can use the standard scaling relations to obtain the re-
maining critical exponent. The Josephson hyperscaling
relation yields the specific heat exponent,
α = 2− ν(2z + 1)
≈ −3 + Nb
2Nf
(21α1 − α2) + 102−Nb
Nf
α3. (54)
Note that the effective dimension that enters in the hy-
perscaling relation is equal to D = 2z + 1 corresponding
to one space-like and two time-like directions. Fisher’s
scaling law gives the susceptibility exponent
γ = (2− ηφ) ν = 1 +O(1/N2f ). (55)
8zy 1
z 2 + 0.0123 Nb
Nf
ηψ 0.0125
Nb
Nf
ηφ 1− 0.0310 NbNf − 0.1069
2−Nb
Nf
ν 1− 0.0310 Nb
Nf
− 0.1069 2−Nb
Nf
α −3 + 0.1307 Nb
Nf
+ 0.5345 2−Nb
Nf
γ 1
β 2− 0.0653 Nb
Nf
− 0.2672 2−Nb
Nf
δ 3
2
+ 0.0163 Nb
Nf
+ 0.0668 2−Nb
Nf
TABLE I. Critical exponents for symmetry-breaking phase
transitions of semi-Dirac fermions in 2+1 dimensions, cal-
culated at one-loop order and including 1/Nf corrections in
the number of fermion flavours. Nb is the number of order-
parameter components: Nb = 1 for the CDW, Nb = 2 for the
superconducting and Nb = 3 for the SDW instabilities.
We can use Rushbrooke’s scaling law α + 2β + γ = 2 to
obtain the order-parameter critical exponent
β = 1− 1
2
(α+ γ)
≈ 2− Nb
4Nf
(21α1 − α2)− 52−Nb
Nf
α3. (56)
Finally, from the Widom identity γ = β(δ − 1) we com-
pute the field exponent
δ = 1 +
γ
β
≈ 3
2
+
Nb
16Nf
(21α1 − α2) + 5
4
2−Nb
Nf
α3. (57)
A complete list of critical exponents with numerical val-
ues for the coefficients αi can be found in Table I.
G. Multicriticality
In Sec. III F we have summarized the universal critical
behaviour of semi-Dirac fermions associated with spon-
taneous symmetry breaking due to short-range interac-
tions. The semi-Dirac quasiparticle excitations in the dis-
ordered, semimetallic phase are obtained by fine tuning
the system to the point of a topological phase transition
between a Dirac semimetal with two separate relativistic
Dirac points and a band insulator. In the free-fermion
action (1) the semi-Dirac point corresponds to ∆ = 0.
Spontaneous symmetry breaking leads to the opening of
a gap in the fermion spectrum, making it in practice chal-
lenging to ensure ∆ = 0 across the transition in any real
material.
Since the tuning parameters of the symmetry-breaking
and topological phase transitions, m2φ and ∆, are both
relevant perturbations at the fixed point (g˜ = g˜∗, ∆ =
m2φ = 0), one should view the fixed point as multicritical.
The coupled RG equations for m2φ and ∆ are
dm2φ
d`
= (2− ηφ)m2φ + zΠm2φ , (58)
d∆
d`
= (2− ηψ) ∆ + zΣ∆ (59)
where ηφ and ηψ are the anomalous dimensions (49) of
the fermions and bosons, respectively. The renormal-
izations Πm2φ and Σ∆ are coming from the bosonic self
energy (Fig. 2) and fermionic self energy [Fig. 3(a)] and
are equal to
Πm2φ =
2
3pi2
g˜2∆ (60)
Σ∆ =
Nb
2Nf
[
F4
(
g˜2
)
∆ + F5
(
g˜2
)
m2φ
]
. (61)
In the last equation, we have defined the functions
F4(x) =
1
pi2
∫ pi
2
0
dθ
cos 2θ
x−1 cos θ +
√
sin θ
sin θ√
cos θ
, (62)
F5(x) =
1
pi2
∫ pi
2
0
dθ
√
cos θ sin θ(
x−1 cos θ +
√
sin θ
)2 , (63)
which are shown in Fig. 4. The coupled RG equations
are of the form
d
d`
(
m2φ
∆
)
= M
(
m2φ
∆
)
, (64)
where M is an off-diagonal matrix that we evaluate at the
multicritical fixed point. The two positive eigenvalues
θ1 and θ2 of this matrix are inversely proportional to
correlation length exponents, νi = 1/θi. Up to order
1/Nf we obtain
ν1 = 1− Nb
2Nf
(
5α1 − α2 − 28
11
α5
)
− 22−Nb
Nf
α3,(65)
ν2 =
1
2
+
Nb
4Nf
(
α1 − α4 − 14
11
α5
)
. (66)
IV. MEAN-FIELD ANALYSIS
The critical exponents are expected to recover the
mean-field values in the limit Nf → ∞. In this limit,
the anomalous dimension of the fermion fields vanishes,
ηψ = 0, indicating that Fermi-liquid behavior is recov-
ered. However, the anomalous dimension of the order
parameter field (49) remains finite, ηφ = 1. This results
in a correlation length exponent ν = 1/(2− ηφ) = 1 and,
using standard scaling and hyperscaling relations, in an
unusually large order-parameter exponent β = 2. These
exponents are very different from the usual mean-field
ones (ηφ = 0, ν = β = 12 ). This unusual behaviour
is a result of the appearance of non-analytic terms in
the mean-field free energy, which lead to unconventional
9quantum criticality and arise due to the unusual scal-
ing of the density of states ρ() ∼ √ around the Fermi
points.
The mean-field free energy for a gapped phase of semi-
Dirac fermions is equal to
FMF(φ0) = 1
g
φ20 −
∫
k2x+k
4
y≤Λ2
d2k
(2pi)2
√
k2x + k
4
y + φ
2
0, (67)
where we have rescaled kx and ky to absorb the prefactors
v and 1/(2m). Here Λ is the UV energy cut-off. Carrying
out the integral one obtains28
FMF(φ0) = a(δg)φ20 + b|φ0|
5
2 +O(φ40). (68)
with δg = (gc − g)/gc and a, b > 0. As in the case
of relativistic Dirac fermions, the mean-field free energy
contains a non-analytic term, |φ0| 52 , which arises from the
evaluation of the integral in the k→ 0 limit. Minimizing
FMF(φ0) with respect to φ0 one obtains |φ0| ∼ |δg|βMF
with βMF = 2, in agreement with the RG and scaling
analysis in the Nf → ∞ limit, Eq. (56). In contrast,
for Dirac fermions, where the density of states vanishes
linearly (ρ() ∼ ), the non-analytic term has the form
|φ0|3, resulting instead in the mean-field exponent βMF =
1.36
The spatial anisotropy of the system, which appears in
the anisotropic dispersion of the quasiparticles, also re-
flects in the form of the gradient terms in the Ginzburg-
Landau functional. These terms can be computed by
allowing for small, long-wavelength modulations of the
order parameter. For a finite homogeneous component
φ0 one can expand in the momentum q of the modu-
lation. This gives rise to terms q2x
√|φ0| and q2y|φ0| 32 ,28
from which we can estimate the correlation lengths ξx
and ξy along the x and y directions respectively. Since
ξ−2x |φ0|
1
2 ' ξ−2y |φ0|
3
2 ' |δg|φ20 (69)
by dimensional analysis, that leads to the quantum crit-
ical scaling
ξ2x ∼ |φ0|−
3
2 |δg|−1 ∼ |δg|−(1+ 32βMF), (70)
and
ξ2y ∼ |φ0|−
1
2 |δg|−1 ∼ |δg|−(1+ 12βMF). (71)
Using βMF = 2, this simple scaling analysis of the mean-
field free energy recovers the correlation length exponents
νx = 2 and νy = 1 derived in Eq. (53), in agreement with
the RG result in the limit Nf →∞.
The anisotropic scaling of the correlation length along
the x and y directions could have very interesting im-
plications for ordered phases in the vicinity of the quan-
tum critical point. In general, the order parameter be-
comes relatively softer to spatial modulations along the
direction where the quasiparticles have parabolic disper-
sion, and more rigid in the other direction, permitting
the emergence of modulated order and stripe phases.28
In the superconducting case, the system may effectively
respond to a external magnetic field as a type II super-
conductor in one direction and as a type I in the other.28
This unconventional state could stabilize stripes of mag-
netic flux rather than conventional vortex lattices.
V. DISCUSSION
We have analyzed the critical behavior of quantum
phase transitions in semi-Dirac fermion systems that are
driven by short-range interactions. Here we have fo-
cussed on SDW, CDW and superconducting instabili-
ties and derived the effective Yukawa actions that de-
scribe the coupling between the dynamical order param-
eter fields and the semi Dirac fermions.
This problem was previously studied using an 
expansion in the number of quadratically dispersing
directions27 and by generalizing the quadratic disper-
sion to k2ny , facilitating a 1/n expansion around the one-
dimensional limit.26 In our complementary approach, we
have avoided the tuning of dimensionality but instead
introduced a large number Nf of fermion flavors for ana-
lytic control in two spatial dimensions. Using a one-loop
renormalization group analysis of the effective Yukawa
actions, we have computed critical exponents up to or-
der 1/Nf .
The 1/Nf corrections to critical exponents depend on
the peculiar form of the IR order-parameter propagator
in 2+1 dimensions, GIRφ ∼
(
q20 + v
2q2x
)− 14 . This IR con-
tribution, which is not renormalized by integrating out
electronic UV modes, needs to be incorporated to regu-
larize unphysical divergencies.25 Our RG equations are
derived from integrating UV modes from an infinitesimal
2+1 dimensional shell in momentum-frequency space, fol-
lowed by a rescaling of frequency and momenta to the
original cut-off. We have treated frequency k0 and the
momentum kx along the relativistic direction on an equal
footing and introduced a single “dynamical” exponent
z that describes the scaling of k0, kx relative to the
quadratically dispersing direction ky. One might view
this as having one space-like and two time-like directions.
We have found that the 1/Nf corrections to critical
exponent are smaller than for the case of Dirac fermions
and seem to fall off more rapidly when increasing the
order of 1/Nf . This suggests that the 1/Nf expansion
is well controlled even when the number of flavors Nf is
of the order of 1. However, calculations beyond one-loop
order are required to confirm this conjecture.
In the mean-field limitNf →∞, the anomalous dimen-
sion ηψ of the fermion fields vanishes, signaling a recov-
ery of conventional Fermi-liquid behaviour. On the other
hand, the anomalous dimension of the order-parameter
fields remains finite, ηφ = 1. This has important con-
sequences. It gives rise to a correlation length exponent
of ν = 1 instead of the conventional mean-field ν = 1/2.
Since we have defined the y direction as reference length
10
(zy = 1, zx = z = 2), this corresponds to νy = zyν = 1
and νx = zxν = 2 along the two spatial directions.
The freedom in how to define the scaling dimensions in
semi-Dirac systems explains the apparent contradiction
with Ref. 26 that reports ν = 2. A close inspection shows
that in this work the relativistic direction was used to
define the reference length scale. In our notation this
corresponds to the choice z = zx = 1 and zy = 1/2,
leading to the same correlation length exponents νx = 2
and νy = 1.
The atypical correlation length exponent and the un-
usually large order parameter exponent β = 2+O(1/Nf )
suggest that the mean-field order-parameter theory is
highly unusual.28 As we discussed, the vanishing density
of states at the Fermi level gives rise to a non-analytic
|φ0|5/2 term in the Landau free energy. This results in
βMF = 2, in agreement with the RG result for Nf →∞.
The highly anisotropic order-parameter correlations cor-
respond to different non-analytic gradient terms in the
mean-field theory.
Semi-Dirac fermions correspond to an intermediate
case between Dirac fermions and ordinary metals in two
spatial dimensions. The quadratic dispersion along one
of the momentum directions leads to an increased density
of states at low energies as compared to Dirac fermions,
making instabilities comparatively easier due to the en-
larged phase space for quantum fluctuations. An inter-
esting question for future studies is whether the enhanced
electronic fluctuations near quantum critical point com-
bined with the anisotropy of the correlations could sta-
bilize novel phases such as modulated order.
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